TRUONG DAI HOC THUGNG MAI

BAI TAP TOAN CAO CAP

(DUNG CHO SINH VIEN HQC CAC HE KINH TE)



Chuong 1

Ma tran va dinh thic

BAI TAP

Bai 1.1 Thuyc hién cac phép tinh trén ma tran

2) _24 ;1 (—2 1 —6 —1)
0 1 5 4 7 10
b) 1 a\" 4 7 4\ /5
0 1 d) |8 2 5 6
) 9 -3 1 4
1 1 1 1
) 1 1 -1 -
¢ 1 -1 1 - e) cosa —sina\"
1 -1 -1 1 sina  Cos«
1 2 3 1 -1
fy CoA=|-1 0 1 B=1|5 3
2 -1 1 1 0

1. Tinh (2A + A%)B.
2. B(2A + A?) c¢6 thyc hién duge khong, tai sao?

Bai 1.2 Tinh xy, 29, x3, x4 tit phuong trinh

(2 =) (2= (22

Bai 1.3 Tinh cac dinh thuc sau:



3 -1 3 2 r a a a
5 =3 2 3 a r a a
L 7 =5 1 4|’ 4. a a x al’
1 -3 -5 0 a a a
9 2 7 11 1001 1002 1003 1004
5 7 4 5 9 5 1002 1003 1001 1002
51 4 70 " 11001 1001 1001 999
4 2 3 3 1001 1000 998 999
1 a a?
3.1 b b,
1 ¢ ¢
Bai 1.4 Tinh cac dinh thic sau:
1 2 3 n 32 2 .- 2
-1 0 3 n 23 2 .- 2
1. -1 =2 0 n|. 2.12 2 3 .- 2].
-1 -2 -3 --- 0 22 2 -3

Bai 1.5 Chting minh rang:

r4+y xy 22+ y?
Lly+z yz v*+22|=(@—y)(y—2)(z—2)(vy + yz + 22),
241 2z 22+’
by+c ca+a a+0b a by
2. b2+02 Co + as a2+b2 =2 as bg Cal,
bg + C3 C3 + as das + b3 as b3 C3
a1 +biz az+b ar by o
3. [ag +box asx +by co| = (1 —2?)|ay by s,
as + bgl’ asx + b3 C3 as b3 C3
1 cosa sina 8- N
4. |1 cosf sinf| = 4sin sin ¥ sin 1 ,
1 . 2 2 2
cosy sinvy

5. Néu céc s6 c6 ba chit s6 Gyazas, b1bsbs, ¢icacs cling chia hét cho 13 thi

dinh thic

a1
ag
as

by
ba
bs

C1
C2
C3



ciing chia hét cho 13.

Bai 1.6 Tinh hang ctia cac ma tran:

1 2 1
2 -1 1
1 2 -1 2
2 =3 1
-4 1 =3

— N =W

25
75
75
25

31
94
94

17 43
53 132
o4 134
20 48

Bai 1.7 Tinh hang ctia ma tran tuy theo gia tri ctia \:

5 —4 3 1 1 A -1 2
1. A=19 X 6 3], 2. A=12 -1 X 5
4 1 3 2 1 10 -6 1

Bai 1.8 Tim gia tri clia m dé cac ma tran sau c¢6 hang nhé nhat, 16n nhat:

3 4 2 1 2 1 1
1. A=6 8 4], a2 32 6
9 12 m : 1—m? =1 0 m+3

Bai 1.9 Tim ma tran nghich dao ctia cic ma tran sau:

1 2 13 -5 7
1'A_<3 5)’ Lo 2 =3
A= 100 1 2|
0 16 00 0 1
2. A= |2 =3 1],
3 -5 1
11 1 1
9 1 1 1 1 -1 -1
3.4=[0 -1 1], A= o
0 0 1 1 -1 -1 1

Bai 1.10 Xac dinh gia tri clia o dé ma tran A kha nghich, tim ma tran
nghich dao cua A, véi:



1 A—( 1 s1na)7 1 cosa 0

sina 1 2. A= |4cosa 1
0 0
Bai 1.11 Giai cac phuong trinh ma tran sau:
3 =2 -1 2
Lx (3 ) =(506)
3 1 1 6 2 -1
2 21 21 X=1]6 1 11,
1 2 3 8 —1 4
2 -3 5
6 14 =2
3. X|[-1 4 =2]= < )7
(3 o 10 -19 17
4. A.X.B = C trong do
1 2 1 2 3 6
a=(o )= o= (55)
DAP SO
Bai 1.1
16 18 16 38 1 na
a) (43 24 73 T4 iy
5 4 7 10
4 0 00 .
cosna  —sinna
b |0 400 ) ( )
00 4 0 sinna cosna
000 4
78 36 2
c) | 72 f) | —16 -8
31 22 —6
s Ir1 I3 . 3 =2
Bai 1.2 (x2 a:4) = <5 _4)

0
1



1. 0, 4. (z + 3a)(z — a)?,
2. 6,

3. (a=0b)(b—c)(c—a), 5. —18016.
Bail4 1. n! 2. 2n+ 1.
Bai 1.6 1. r=4. 2. r=3.
Bai 1.7
2 khi A = —
1 p(A) = § 2 KhiA= =3
3 khi A #£ —3,
2 khi \ =
2 p(A) = 2 KhEA=S3
3 khi A # 3.
Bai 1.8
1 khi m =6 2 khi m = +1
1. r(A) = L 2. r(A) = L
2 khi m # 6. 3 khi m # +£1.
Bai 1.9
—5 2 1 -3 11 -38
-1 _
L4 _<3 —1)’ Lo |01 2T
o 0o 1 —2
2 =31 19 0 0 0 1
2. A'=——| 1 -18 12|,
-1 3 =2
1 1 1 1 1 1
5 5 1 11 1 -1 -1
_ 2 2 12
3AT =10 S 1| AT =711 211 4
0 0 1 1 -1 -1 1
Bai 1.10

1. a#g—l—kw,kez,

A1 1 1 —sin
" cos2q \ —sina 1




2. oz;éj:nglm,k:eZ,

1

Al — =
1 —4cos?

Bai 1.11

3 =2
-3

1 1 -1
0. x=[2 -1 1|,

1 0 1

—4 cos «

0

3.

X

—cos
1
0

<
Il

€

0
0
1 —4cos?a

5 3
-3 1)’

—-19 38
11 —-19)°



Chuong 2

Vecto va khong gian vecto

BAI TAP
Bai 2.1 Tim 1, 5 thod méan hé thic
(1,40) — (221, —x2) = —2(4, x2).
Bai 2.2 Tim vecto X tit phuong trinh:
3(A — X)+2(A+ X) =5(A35 + X),
v6i A; = (2,5,1,3); Ay = (10, 1,3,10); A3 = (4,1, —1,1).

Bai 2.3 Xét tinh doc lap tuyén tinh, phu thuoc tuyén tinh ctia cac hé vecto.

1) X; = (0,2,0); Xo = (1,—1,0); X3 = (0,4,0),

2) Xi=(1,0,1); X5 = (5,6,1); X3 = (-5, —6, 1),
3) Xi=(1,2,5); Xo = (2,0,1),

4) Xy =(1,-1,1); X3 = (3,2,0); X3 = (5,1,0),

5) Xi=(1,0,0); X5 = (2,3, -2); X3 = (3, -3,2).

Bai 2.4 Cho X, = (1,-1,2,0,3): Xa = (2, —3,5,1, —4); X3 = (4, 5,9, 1,m);
X4 =1(2,-2,4,m+1,6). Tim hang va xét tinh doc lap, phu thuoc tuyén tinh
cua hé 4 vecto trén theo m.

Bai 2.5 Cho X; =(1,0,-1,2,-2); X3 = (2,1,0, 3, —5);
X3=(5,2,-1,8, m—m?); Xy = (=3,—1,1,—5,m+3). Tim hang va xét tinh
doc lap, phu thuoc tuyén tinh ctia hé 4 vecto trén theo m.

vil



Bai 2.6 Véi gia tri nao cia A thi vecto X 1a t6 hop tuyén tinh clia hai vecto
Xl,XQ, biét ré”mg

X =(3,0,A—6); X; = (1,0,0); X5 = (5,1,2).
Bai 2.7 Tim hang va mot co s6 cia hé vecto
1) X;=1(1,0,0); Xy = (—1,2,6); X3 = (1,2,10),
2) X;=(3,-5,-5); Xo =(1,0,0); X3 = (5,8,8).

Bai 2.8 Ba vecto aj, as, ag 1a mot co sé trong khong gian R3. Cho

b1: a1+a2—|—a3
ng a2+a3
by = G — ag

1) He {b1, by, b3} doc lap tuyén tinh hay phu thudc tuyén tinh.
2) Tinh hang ctia hé {as, as, by, b3}
Bai 2.9 Ba vecto A, Ay, A3 doc lap tuyén tinh va

X1 - A1+4A2+6A3
X2 == 3A1 - 4A2 - 6A3
X3 - Al

He { X1, X», X3} doc lap tuyén tinh hay phu thugc tuyén tinh.
Bai 2.10 Blét hé {Al, AQ, Ag, A4, A5} la d@C lap tuyén tinh va

X1 =2A,+ 34, —4A; — A,

Xo= Ay —2A+ Asz+3A4+ 445
X3 =5A; — 34y — Ag+9A, + 445
X4:3A1+8A2—9A3—5A4—6A5

Xét tinh doc 1ap tuyén tinh, phu thuoc tuyén tinh ctia he {X, X, X3, X4}
DAP SO
40

Bai 2.1 T, = 8,5(72 = —?

7
Bai 2.2 X = (1,2,5.4).



Phy thuoc tuyén tinh,
2) Phu thuoc tuyén tinh,

)

)

3) Doc lap tuyén tinh,

4) Doc 1ap tuyén tinh,
)

5) Phu thuoc tuyén tinh.

3 khi m = —1 hoac m = 2,

Bai 2.4 {X,, Xs, X3, X4} =
r{Xi, Xz, X3, Xa} {4khi—17ém7é2.

9 khi m =4
Bai 2.5 r{X1, Xo, X3, X} = L=
3 khi m # 4.
Bai 2.6 \ = 6.
Bai 2.7

1) r=3, {X1,Xs, X3} la mot co s6.
2) r=2, {X1, X5} 1a mot co s6.
Bai 2.8
1) Doc lap tuyén tinh.
2) r(ag,ag, by, by) = 2.
Bai 2.9 Phu thuoc tuyén tinh.

Bai 2.10 He phu thuoc tuyén tinh.



Chuong 3

Hé phuong trinh tuyén tinh

BAI TAP

Bai 3.1 Giai cac hé phuong trinh

/

rT+2y— 2=6
L )Tt y+3e=2
") 2243y —62=6
L 20 —22=2
(1'1—21’2+3l’3—4$4: 4
9 < To — .733+ .7}4:—3
' 171+3(L'2 —3I4: 1
L —7x2+3x3+ 334:—3
(3I1+4ZL’2—|— Tr3 — 5(74:3
3 T1— 39+ 223 — T4=2
") 22y + Ty — 23 =1
\41'14‘ ZL’2+35L’3—21’4:1
(214 329+ 5wy — Toy, =12
4 3$1+5ZE2+7I3— Ty = 0
' 5[L‘1+7$2+ £E3—3$4: 4
\71’14— x2+3x3—5x4:16
(21 + 21+ 23+ T4+ 5= 0
Ty + $2+3$3+ Ty + x5= 3
5. T1+ X9+ LE3—|—4QZ4+ 335:—2
T+ X9+ T3+ ZE4+5CL’5: 5
\2£E1+ To+ X3+ T4+ 5= 2

X



8+ 5y +2z= 8
9r+3y+4z= 9
dSx+3y+2z= 7
Tr+8y+ 2=12

Bai 3.2 Tim nghiém tong quéat va hai nghiém rieng khac nhau ctia cac hé
phuong trinh.

(—102; + 324 + 3z, = 13
41’1 —|—2.’L’2 +3l’3 —|—6x4: 5
61’1 +3l’2 +5ZL’3 +9I4: 4

141’1 — XT9+ 31‘3 + 31’4 =-8

\

(

l’2+2$3+21’4+6$5: 23
2.131 -+ SZL‘Q + 41'3 + 41’4 + 81‘5 = 37
2. {3x1 + 2094+ a3+ 14— 3x5= —2
5$1+35L’2+ T3 + 564—7135:—11
\4$1+3$2+2$3+2I4—2ZE5: 5

Bai 3.3 Tim a dé hé c¢6 nghiem duy nhat
r+4y+ 2=0

1. €3z +2y+2z2=95
20+ 5y +az=1

—r — 2y + dz= 4
2. 4 -2z + y+ az= 8
) —x + 8y + 6z= 2
\ 5y + (10 —a)z = —2
( ars +ars +ars= 1
3 —ax + ars +ary = —1
) —axy — axy +axy= 2
—ar; — ary — axs =2

\

Bai 3.4 Tim k dé hé vo nghiem

(k+1)x+ y+ z=1

1. r+ (k+1)y+ 2=k
T+ y+ (k+1)z =k

2x1 + x9+ 3r3 + dry,= 4

9 3$2+ T3 + 45134: 2
' —4ZE1—2$2+4$3— 61‘4:—2

2$1 +4l’2—|—9{lf3 — (k’ — 1)1’4: 3



Bai 3.5 Giai cac heé phuong trinh thuan nhat

(21’1+3$2—4ZL’3+ I4:O
1 3[L‘1+2ZE2+5I‘3— 1'420
' 5$1—4$2+ .1'3—31'4:0
201 —4xo+ x3—5ry =0
(21'1 + X3+ 3%4— ZL’5:0
T+ 2 — Ty + 1’5:0
2. — 29+ x3+ bry—3r5=0
I1—3$2+2I3+ 9x4—5x5:0
\2{E1—4ZE2+31’3+13I4—71‘5:0

Bai 3.6 V6i gia tri ndo clia m thi hé phuong trinh ¢6 nghiém khong tam
thuong

r+ y+ z2=0
1. e —2y— 22=0
r+4y +2mz=0
2I1+3ZL’2+ T3+ 2.T4:0
9 4x1 4+ 5x9 + 323+ 44 =0

6.’K1 +7l’2 —|—5x3+ 71‘4:0
8r1 4+ 919 + 923+ mry =0

Bai 3.7 V6i gia tri nao clia a thi hé phuong trinh c¢6 vo s6 nghiém

3r+ y—2z2= a
20 +4dy— z=-2
dr —2y—3z= 1

Ty + 219 — 3rs+ 4= —2
2. 3$L'1+ To + .1’3—21'4: 4
211 — 4ay + (a® — 6)x3 — 61, =8 + a

Bai 3.8 Tim @ va b dé hé phuong trinh sau c6 vo s6 nghiem
r+2y+az=3

1. ¢332z — y—az=2
204+ y+3z=0

T+ y+ a
2.

z
20+ 3y + (6 + 2a)z
z
z

3r — y+ 3
2r —3y— (3+4a)

I
NS RN

b—



Bai 3.9 Véi gia tri nao ciia m thi hé phuong trinh sau ¢6 nghiém

201 — 619 + 43 — 6x4=3 —mM
2.7}1— To + T3+ Ty = 1
I1+21‘2— l’g—l— 4I4: 2
L1+ Tx9 —4xg + 11lzs = m

Bai 3.10 Bién luan vé nghiém s6 ctia hé phuong trinh sau theo tham s6 &

(4 + y+ z= 3

1 3T — y+ z= 2
© ) bx — dy + 22 = 3
| o+ (k> —2)y =k—1
(]C(/‘Jl—i‘ To+ T3+ .T}4:1

9 [E1+k§[)32+ T3 + ZE4:1
' r1+ Tot+krs+ x4=1
T+ To+ .T3+/€33'4:1

\

2k+1a¢— ky+ (k+1)z=k—-1
k—2x+(k—1Dy+ (k—2)z=  k
2k;—1x—|— (k—Dy+2k—1)z= k

Bai 3.11 Bién luan vé nghiém s6 va gidi cac hé phuong trinh sau

ar+ y+ z=1
1. r+ay+ z=1
z+ y+az=1
3r + 4y + z= 0
9 3r + 2y + 2z= 0
") 22+ by + az=—1
dr+ y+B—a)z= 1
kx+ky+ (k+1)z=k
kx+ky+ (k—1)z=k
(k+1Dzx+ky+ (2k+3)z=1
Bai 3.12 Tinh x4, s, 5. Biét rang:
1 3 5 . 3
-1 -2 1 -2
2 5 4|\ 7|5

0 1 5



Bai 3.13 Cho

X; = (2,3,5,-4,1)
X, = (1,-1,2,3,5)
X; = (1,-1,1,-2,3)

X, = (3,7,8,—11,-3)
1. Chitng minh rang {X;, X5, X3} 12 mot co s6 clia hé bon vecto tren.
2. Biéu dién tuyén tinh vecto X, qua ba vecto con lai.

Bai 3.14 Cho

X, = (1,2,4) , Xo = (—1,0,2)
X; = (1,4,10) , Xy = (2,2,1)

1. Tinh hang ctia hé bén vecto trén.

2. Blét réng: Al = Xl, AQ = X1 + Xg, A3 = X1 + X2 — X4. Héy bléu dlél’l
tuyén tinh X5 qua cac vecto A;, As, As.

Bai 3.15 Cho

¥l
[
—~~
I~
N
0

1. Tim mot co sé clia khong gian R* trong 5 vecto trén
2. Biéu dién tuyén tinh X5 qua bén vecto con lai.

Bai 3.16 V6i gid tri ndo clia A thi vecto X = (3,5,1) 1a t6 hgp tuyén tinh
cua ba vecto

X7 =1(2,5,3), Xy =(4,7,2), X3 = (6,\,5)

Bai 3.17 Bién luan theo tham sé A vé kha nang biéu dién vecto X qua céc
vectd Aj, Ay, As. Biét rang

- ]-)aAl = (37275)7A2 = (2a47 _4>a

2. X =(X2,5); 41 =(3,2,6), A4, = (7,3,9),
= (5,1



DAP SO
Bai 3.1
1. X9=(3,2,1)
I = —8
9 Ty —tuy ¥y
' Tr3 = 2£L'2
Ty — —3+ i)
3. Heé vo nghiem 5. X0=(1,-1,1,—1,1)

4. X0=(1,-1,0,-2) 6. X°=(-1,2,3)

Bai 3.2
Ty = 6z,
T3 = -7 N
1 13 8 1 tuy y
€Ty = — — —
R 13 5
Hai nghiém rieng X° = (0, -7, 3);X1 =(1,6,—7, g)

r1=—-164+ a+ [+ 5y
ro= 23—2a—20—06vy

2. I3 = (07 (Oéaﬁa’Ytu}\’ y)
Ty = 5
L5 = Y

Hai nghiém riéng

X = (~16,23,0,0,0); X' = (~15,21,1,0,0)

Bai 3.3

1.a7é—% 2.a#9 3. a#0
Bai 3.4

1. k=0 hoac k= —3 2. k=-8
Bai 3.5

1. Nghiém duy nhat 14 nghiém tam thuong



( 1 3 1
xlz—%Oé—gﬁ—i‘g’}/
To= —a+=-p—=

o 47T il a, B,y tuy ¥
Tr3 = (0%
Ty = B
75 = Y

Bai 3.6
1. m=2

2. Khong c6 gia tri nao ctia m dé hé c¢6 nghiem khong tam thudng

Bai 3.7
1
=73
21
_ - a=29
Bai3.8 1.0%7 2 2{ _
b=3 -
Bai 3.9 m=5
Bai 3.10

1. (a) k # £2 hé c6 nghiem duy nhat,
(b) k =2 he c6 vo s6 nghieém,
(¢) k= —2 hé vo nghiém.
2. (a) {k 71 hé ¢6 nghiem duy nhat,
k# -3
(b) k =1 he c6 vo s6 nghiem,

(c

= —3 hé vo nghiém.

)
@) 52 4
(b)

(c)

Bai 3.11

= —1 hé c6 vo s6 nghiém,

k

k .
{ 70 hé c6 nghiém duy nhat,
k
k

= 1 hé v nghiém, k£ = 0 hé vo6 nghiém.



1 .
1. (a) {a 7 hé c¢6 nghiém duy nhat la
a# —2

1
a+2’

(b) @ = —2 hé vo nghiém,
(¢c) @ =1 hé c6 vo sd nghiem, nghiém tong quat 1a

r=1—y—2z (V6 y,z tuy y)

1 .
2. (a) a# —3 hé c6 nghiem duy nhat

2 1 2
20 +1" 2a+1 2a+1

X0 = )

(b) a = —3 hé vo nghiém.

3. (a) k # 0 hé c6 nghiem duy nhat X" = (1 -k, k,0)

(b) k=0 hé c6 vo s6 nghiém, nghiem tong quat 1a

z=1
=« a lay tuy ¥.
z=0

Bai 3.12 xy = —-39,20 = 19,23 = —3
Bai 3.14

1. T(X17X27X37X4) =3

1

2. X3 = Al + §A2 —|—0A3
Bai 3.15

1. {Xl,XQ,Xg,X4} 1& mot co 6.

2. X5 - OX1 + 8X2 + 3X3 + OX4



Bai 3.16 \ # 12
Bai 3.17

1. (a) XA # %1 bieu dién duge mot cach duy nhat.
(b) A =1 khong biéu dién dugec.
(¢) A = —1 biéu dién dugc nhung khong duy nhat.

2. Biéu dién dugc mot cach duy nhéat véi moi \.



Chuong 4

Dang toan phuong

BAI TAP

Bai 4.1 Xét tinh xac dinh dau, doi dau ctia dang toan phuong:

1. F(xy,x9,x3) = 23 4 323 + 1023

2. F(xy,79,23) = —223 — T3

3. F(xy,xq,23) = —62% + 513 + 422
4. F(x1,29,13) = 3(21 + 22)? + 1023
5. F(x1, 9, x3) = 6223

Bai 4.2 Xét tinh xac dinh dau, doi dau ctia dang toan phuong:
1. F(x1, 79, 13) = 2% 4 323 + ba3 + 4w179 — 87973 — 42173

2. F(xq,29,23) = 23 + 523 + 7235 + 20179 — 4073 — 27173

b

(
(
F(x1, 29,3, 24) = 2% + 223 + 323 + 427 + 22123 — 219714
4. F(x1, 79,73, 74) = —22% — 6235 — 1023 — 425 + 221703 — 67974 — 82213

Bai 4.3 Xac dinh gia tri ctia tham s6 m dé dang toan phuong a) xéac dinh
duong; b) nita xéc dinh duong:

1. F(x1, 22,73, 24) = 5x% + 23 + 223 + 423 + 2ma w3 — 42124
2. F(xy, 19, 23,74) = 202 + 323 + 1022 + bma? + 2wyx3 — 67123

3. F(x1,m9,73,4) = mx? + Tx3 + 22 + T2 + 2max x5 — 4913

Xix



Bai 4.4 Xéc dinh gia tri tham s6 m dé dang toan phuong
a) xac dinh duong; b) khong suy bién.

1. F(xy, 29,3, 24) = mai + 2ma3 + 23 + 4x129 + 523
2. F(x1, 29,23, 4) = a7 + 523 + 623 — 4x129 + 2mrox3 + 5]
3. F(xy,m9,23) = 23 + 3ma3 + (m — 1)z3 + 22119

Bai 4.5 Dua dang toan phuong vé dang toan phuong chinh tic, chuan tic
bang phuong phap Lagrange hozc Jacobi.

1. F 1’1,1’2,&33) =TTy + 23715(]3

(
2. F(x1,79,23,74) = 23 + 723 + 23 + T23 + 211203 — 4973
3. F(x1,m9,w3) = 2% + Tx3 — 22 + 211709 — 62073
4. F(xy, 29,73, 74) = 323 + 35 + 23 + 5} + 4woxs — dao7y
5. F(xy, 12, 23,74) = 22 — 41129 + 523 + 622 + 69wy + 1022
6. F(x1,79, T3, T4, T5) = T2 — 42109+ 523 + 623 + 62974 + 1027 + 221 75 — 72
7. F(xy, 29, 23,74) = 22 + 41179 + 275 + 922 + 62123 — 522 + 127973
8. F(x1,xe,x3,24) = —4x129 + 62923 + 102374

Bai 4.6 Tim cac gia tri rieng va dua dang toan phuong vé dang toan phuong
chinh tac.

1. F 171,1'2,1‘3) = 41’11‘2

2. F(xq, 19, 23) = 373 + 225 + 22 + 4x129 + 42973

w

(
(

F(x1, 29, 73) = 223 + 323 + 423 + 4x173
(

4.

F T1,T2,T3, ZL’4) = 31’% + ZE% + 2[E2£L’3 + 4.1]31‘4

Bai 4.7 (Tham kh&o) Tim phuong trinh chinh tic, nhan dang duong cong
bac hai.

1. 22y +42 —-5=0
2. 202+ 8xy +8y? — 4w +2y —15=0

3. 322 + 292 + 4o + 6y — 10 =0



4. 162% + 9y* — 24y — 122 + 8y — 30 = 0
DAP SO

Bai 4.1 1) Xac dinh duong. 2) Nita xac dinh am. 3) Doi dau. 4) Nita xac
dinh duong. 5) Ddi dau.

Bai 4.2 1) Ddi dau. 2) Xac dinh duong. 3) Xac dinh duong. 4) Xac dinh
am.

Bai 4.3

1. Xac dinh duong khi —v/8 < m < v/8. Nita xéc dinh duong khi —v/8 <
m < \/g

2. Xac dinh duong khi m > 0. Nita xac dinh duong khi m > 0.

3. Xéc dinh duong khi 0 < m < 3/7. Nita xdc dinh duong khi 0 < m <
3/7.

Bai 4.4
1. Xac dinh duong khi m > /2. Khong suy bién khi m # +v/2.
2. Xéac dinh duong khi —v/6 < m < /6. Khong suy bién khi m # ++/6.

) 1
3. Xac dinh duong khi m > 1. Khong suy bién khi 3 #m # 1.

Bai 4.5 (Dang chuan téc)

L G(y1,y2,y3) = y% - y%

2. G(y1,Y2,y3,ys) = Ui +v5 + U3 — Ui

3. G(y1,y2,y3) = yi + 3 — 43.

4. G(yr, Y2, Y3, Ya) = yi + 5 + 35 — vi-

5. G(y1,Y2,Y3,Ya) = Yt + 3 +y3 + ui.

6. G(y1,Y2, Y3, Y4, Y5) = Y1 + Y3 + U3 + ¥i — Y3
7. G(y1,y2, Y3, ya) = ¥ — U3 — ¥3-

8. G(y1,y2,Y3,ya) = Y7 + 5 — Y5 — Ui



Bai 4.6
L A=0;)==£2; Gly1;y2:93) = 3 — 13-
2. A= —1;2;5; G(y1;92;93) = y> + y32 — y%-
3. A=33xV5; Gly; a3 ys) = vi + 45 + 1.
4N =3;0;(1 £ v21)/2; Gy 923 ys59a) = ¥ + 3 — y3 + 0.43.

1
Bai 4.7 1) u?*/5 —v?/5 = 1; 2) v? = 2.%21; 3) 18u?/95 + 120?/95 = 1;

5
4)v? = 2. —u.



Chuong 5

Ham so, giéi han va su lién tuc

BAI TAP

Bai 5.1 Cho f(x) = [arccot <lg

T

10

Tinh f(10); f(10"Y3); f(10=V3); £(100).

Bai 5.2 Tinh cac gia tri:

1) cos[arcsin(—0,1)]; 2) arcsin|[cos(m —

>
4) arccos[cos(zﬂ - S;T_O>]

T 5T

@)], 3) arccos|cos I]’

Bai 5.3 Tim tap xéc dinh ctia cac ham sau:

l.y= \/1—10g§(:172—1)

1
2. y=
Vie+2]—(z+2)
1
3. y=
YT e+l —1]-3
A L s 251
. = —— arcsin
O T —2
1
5.

Y= —=
VSInT — Ccos T

Bai 5.4 Tim cac giéi han sau:

1
6. y= w/sinx—ﬁ—l—ln(%—mz)

7.y =lg[l —lg(z?® — 5z + 16)]

8. y= ,/arcsina:—%

9. y=log,2++m—6arcsinz
10. y =1gx 4+ v/m — 4 arctanx



o dxd =22+
1. lim ——— —~
=0  4x3 + 2x

22 —5r+6

2. lim ——
=2 12 — 122 + 20

Bai 5.5 Tim céac giéi han sau:

T2 —

w

1 lim ~——=
T—+00 333 —+ 1

, 1 3
3. i%(x—l_x?’—l)

4. lim (\/x2 +1— a2 — x)

r—F00

Bai 5.6 Tim céac giéi han sau:

1. lim x

z—0- /1 — cosx

2. lim(1 — z) tan %

z—1

Bai 5.7 Tim céac gi6i han sau:

: 1\=
1. lim (1——)
Tr—r0o0 x
(2x+3)$+1
2¢ + 1

2. lim
Tr—00

o 1
3. lim(sinz + cosx)=
z—0

4. lim (cos TY, (m = const)

T—00 x

Bai 5.8 Tim céac giéi han sau:

1 1
Ll 0821 +ax)
x—0 T

2. lim x(a% — 1>

T—r00

2arcsin(x — 1)

3. lim
r—1 31‘ — 3
. tanx —sinzx
4. lim —————
x—0 :p3



e _ eﬁ:p

3. lim
z—0 xT
ar __ Bz
4. lim —S ¢ (a % B)

z—0 sin ax — sin S’
Bai 5.9 Tim cac giéi han sau:

In(z? + 2z + 3)
1. lim
T—00 ln(xz + bx + 7)

6.1’

2. lim —;
z—0 sIn” x

) 1
3. lim 3 cos —
22

z—0

Coa " o™ o Fa,
4. lim
z—oo box™ + byan 4 - 4 b,

trong d6 m,n € N*.

Bai 5.10 Tim cac giéi han mot phia sau:

1 )
3. lim arctan
1. lim eT — @ z—1% r—1
z—at
. sinmwx L
2. lim —— 4. lim z1n (1 + 65)
=0+ |z et

Bai 5.11 Tim cac gigi han sau bang cach thay thé cac VCB tuong duong

. sin3zsinbz . (1 —cosz)arcsinx
1. Iim ————— 3. lim
20 (1 — 13)2 2—0 xrtan® x
. rz—1 _ — 11
2 lim M 4. lim (x 5 ) ne
o1 Inz z—1 arctan®(z — 1)

Bai 5.12 Xét su lién tuc ctia cdc ham sau

1

xsin— khix #0
x

1 khiz =0

L f(x) =

e — 1

khixz >0
2. f(z) = T o
202 —3x+2 khiz <0




Bai 5.13 Cho ham sb

fla) = {x+1 2

3 —ax

Tim a dé ham sb da cho lién tuc trén R.

Bai 5.14 Cho ham sb

—2s8inx

f(z) = ¢ Asinz + B khi —z<x<g

COS ™

khi z <1
khixz >1

T
khiz < —=
ix < 5

2

khi z > ~

2

Tim A, B dé ham s6 da cho lién tuc trén R.

Bai 5.15 Xac dinh f(1) dé ham s6 sau lién tuc tren R

2 -1 .
f(z) = e khiz # 1,
£(1)khiz = 1.
DAP sO
Bai 5.1 Tomoom arccot 2
; Tom om,
a 26 6’
897r 3T 1377
Bai 5.2 1) /0,99; 2) ——; 3) —; 4) ——.
Bai 5.3
1. (—o0; —2/V/3] U [2/V/3; +0) 6. <—5;—
2. (—o0;—2) 7. (2;3)
92 4 V3
R\ =22 v
3R\~ 5i5) s 155
4.0 .l>
9. 0,2
5. <Z—|—2k7r ——l—2k7r> keZ 10, (0;1)



Bai 5.4

1
1. = 3 2_\/§
2 "3
1 2
2. — 4. —
8 3
Bai 5.5
1
2. 1 khi x — +o00, —1 khi x — —o0
3.1
1. .. 1. ..
4. §kh1x—>—|—oo, —ékhlx—>—oo
Bai 5.6
L —v2 3. 2
3
2 1
2. — 4. —
s 2
Bai 5.7
1. 1 3. e
e
2. e 4. 1
Bai 5.8
«
1. — 3. a—
In2 p
2. Ina 4. 1
Bai 5.9
.1
2. 00
3.0

4. ookhim>n,%khim:1,0khim<n.
0

Bai 5.10



1. 400,0 2., —T 3 _ =T 4. 1,0
272
Bai 5.11
1
1. 15 5 1
© 2
2.1 4. 1
Bai 5.12

1. Lién tuc tai Vz # 0, gian doan tai z = 0.
2. Lién tuc tai Vz € R.
Bai 5.13 a =1

Bai5.14 A=—-1,B=1

2
Bai 5.15 f(1) = 3



Chuong 6

DPao ham va vi phan
bién

BAI TAP
Bai 6.1 Tinh dao ham ctia cac ham so:

, 2
1oy=va?— —
y=vero oo

2. yzln(:p+\/1+$2)

T+ 4
1 —4x

3. y = arctan

4. y = log(x* — sinx)
5. y = e"In(sinx)

T 1cosz

6. y:%ln(tan—) — =

2 2sinx

T

T.y==x
8. y=1InyJ 11—%

Bai 6.2 Tinh f/(0%) va f/(07) ctia cadc ham s6
1. f(z) =V1—e?.
2. f(x) = Varctan 422.

Bai 6.3 Xét tinh kha vi trén R ctia cac ham sb

XX1X

ham



1|y er khiz >0

Y= 1+sinz khiz <0

5 4 — In(1+ x) khi z > 0

YT sinx +cosz—1 khiz<O0
2 1 :
xz®arctan— khiz >0

3. y= x

et —1 khi z <0

4. y = |z —2|p(x), véi p(z) la ham lién tuc tai x = 2, kha vi trén R\ {2}
va p(2) # 0.

5.y =azva?—1.
6. y = arctan(z — 1)va? — 1.
.y =sinzJx.

Bai 6.4 Cho ham sb

~J

B {e‘““" khiz >0

sinz+b khixz <0, véi a,b la cac tham s
Tim cac gia tri ctia tham s6 a, b dé ham s6 trén kha vi tai z = 0.
Bai 6.5 Tim gia tri clia a dé ham s6 sau kha vi tai z = 0

B {ln(l + ) khi z > 0

sinx +acosx khixz <0
Bai 6.6 V6i diéu kien nao ctia n € ZT dé ham sb

1

2"sin— khix #0
x

0 khixz =0

y:

1. lién tuc tai z = 0,
2. kha vi tai x = 0,

3. ¢6 dao ham lién tuc tai x = 0.



Bai 6.7 Tinh dao ham cap n(n € Z*1) ctia cac ham so:
1
z(1—x)

1. y=
2. y = esin(br + )
3. y=1In(1+ 32)
Bai 6.8 Tinh gan ding gia tri cac bicu thic bang vi phan
1. /16,01000, (B6 qua sai s nhé hon 0,00001).
2. arcsin(1 — sin 29%) v6i m = 3,1416, (B6 qua sai s6 nhd hon 0,0001).
3. arctan(2 — 'e) véi m = 3, 1416.
4. 1/0,9500 arctan 0, 9500.
Bai 6.9 Tinh cac gi6i han:

3
1. lim ——

=0 x —sinx

arcsin 2z — 2 arcsin &

In(tan 7x)
im————=
z—0 In(sin 5zx)

. 2 mr
5. lgr;(:v 4) tan 1

6. imlnzIn (COS %)

rz—1

T 1
7.1 ( - —)
xlinl z—1 Inzx

1
8. lim (cotanx — —2>
x—0 A

9. lim z8"®
z—0

4
10. limzl+Inz

z—0




11. lin71T (tan )~ ™
1
2

< arcsin x )
T
T

12.

1

13.
x

arctanx\ —.. 2 _
T sinf

Bai 6.10 Tim cuc tri clia cac ham s6:

L. y=zy/(1—2x)?

2. y=x+3Va?
3. y:£
eilf

4. y=zln*z

el‘

:x—i—l
6. y=(+1)va2 -1
7. y=ava?—1

5.y

Bai 6.1
2 1
3Jr  x\/r
1 .
V1422
1
3. —
14 22’

1.

2.

2r —
4 T COsS T

(x? — sin ) 3’
Bai 6.2 1 f(0%) =1,

2. f1(0%) =2

DAP S

O

cos
e””(ln(sinx)—i— ; x>;

sinx
1
3

sin® z’

2®(Inz + 1);




Bai 6.3
1. Kha vi Vz (f/(0) = 1).

[\]

. Kha vi Vz (f'(0) = 1).
3. Kha vi Vz # 0. Tai = 0 ham khong kha vi.
4. Kha vi Vx # 2. Tai x = 2 ham khong kha vi.
5. Khong kha vi tai x = £1.
6. Kha vi tréen R\ {—1}.
7. Kha vi trén R.

Bai 6.4 a=1,b=1

Bai 6.5 a=0

Bai 6.6 1.n>1 2. n>2

Bai 6.7

sin(bx + ¢ + nyp)
b a
VOl SN p = ———= Va COS Y = ———
Ve VR R
(—=1)" 13" (n — 1)!

3.
(14 3x)"

Bai 6.8

1. 4,00125. 3. 0, 7804.

2. 0,5175. 4. 0,740.
Bai 6.9
1. 6 3.
2.1

3. n>3



B 16 10.
T

11.

12.

00 13.

1
Yea = y(1) = =
1 4
Yed y(;) 6—2; Yet y(l) =0
Y = y(0) = e

Yt =y(E) = =2/ B Yea =y(=1) =0



Chuong 7
Ham hai bién

BAI TAP
Béi?7.1 Tim tap xac dinh va minh hoa bang hinh hoc trén hé toa do truc
chuan Oxy:
1. z=In(2z — 1)(4 — y?)
2. 2=/16 — 22 — 2 + 1g(z* + y? — 4)

3y + 2
x

3. z = arcsin

2
4. z = arcsin =2 + arccos(y — 4z)
T
5. z =arcsin(3x —4y); v <2; y> -3

Bai 7.2 Tinh cac dao ham riéng cap mot

x3+y3
l. 2 =—"=
x2 4 y?

2. z=1In(z + /22 + y?)

3. z=e€ x

4 Zzln—\/:’”hr?ﬂ_x
2 4+y?+

5. z =Y

XXXV



7 o= (l’ + y)sinz.siny

6. z = arctan

Bai 7.3 Tim cac dao ham riéng cap hai ciia ham hai bién

1
Loz = 5/ 4 )

2. z=2a*In(z +vy)
3. z=aY
4. z = In(zy + /22y + a?)
Bai 7.4 Tinh gan ding bang vi phan toan phan:
1. A = (0,996)795

2. B = In({/27,0200 + /15,9700 — 4)

3. C = arcsin(1,52 — '9/e), biét V3=21,72;7 3,14

4. D = arctan2(,/2,98 — cos 31°), biét v/32=21,72;7 = 3,14
Bai 7.5 Tinh y, va z, tit cac he thic:

1. e~ ¥" 4 2gin xy = 0.

2. sinx + 3cosy + e — 1 = 0.

Bai 7.6 1. Cho e™ +2¥ =1+, tinh ¥,

(1;1)

2. Cho €* +y* —5 =0, tinh ¢/, Sy

(0;2)

(0;-2)

Bai 7.7 Tinh cac dao ham riéng ctia z theo x va theo y:
1. e H32 L 4y + 5y 4 62 = 0.
2. e +axyz = 0.

Bai 7.8 .



/
T

1. Cho 3z% +2y? + 22 =9, tinh 2 1z

(1;1;2) (1,1;—-2)

!/
T

2. Cho xyz + z* + y* + 22 = 2, tinh 2/, i 2

(0;1;1)

(0;—-1;1)
Bai 7.9 Tim cuc tri cia ham hai bién
l.z=2>4+a2y+y’+o—y+1
2. z =2zt + oyt — 2% — 22

3. z=ax+y—xz.eY

20 50
4. z=ay+ —+ —
z Y

Bai 7.10 Tim cuc tri c6 diéu kien:

1. z=x+yvéiz? +y? =8.

2. z=a3+1y® — 3y véix +y = 2.

3. z=a+9y} -3y véiz —y=0.

4. z=2>+(y—1)*v6i (x — 1)? + ¢y* = 8.
5. z=x+2y+1v6i 22 +y? =8.

6. z=e oV voixz +y = 2.

7. 2=V véiz —y = 2.

8. z=a*+y*véiox—y=2

PAP SO
Bai7a 147700 z<0,5
—2 <y <2 y< —=2: y>2

2. 4< 2?4+ 42<16

z >0 z <0
| -@+2)/B3<y<(@-2)/3 |(z-2)/3<y<—(x+2)/3



(2 <0 x>0

4. Cx/2<y< —z/2 —x/2<y<x/2
\4m—1§y§4x+1; dr —1 <y <4r+1;
T <2

5. qy>—3
(B —1)/d4<y<@Br+1)/4

Bai 7.2

L a4 32?y® — 2xy®

CRr T <$2+y2)2 !
o y* + 3a%y? — 223y
y (22 + y2)2

2. 2, = ! ;2 = Y
TV Y a2y a2 42

-y arctan — x arctan —

3‘ / = —— xZ / = ——
& x2+y26 1y x2+y26

4. 2 :——2 2= — 22

3_ 3
5. 2 =1 a¥ 1 2 = 3P lna

6_ Z/ e y—QZ/ — _y
‘ JI\/:E4—y4’ Y N
in z si . sin x sin y
7.2 =(x+ S‘““my[cosxsm In(x + +—]
(z +y) yIn(z +y) oty
in asi sin x sin
z; = (3;+y)smxsmy[cosysinxln(x—|—y)—|—Tyy]
Bai 7.3
Lo 2y
Z// — I‘y
atd /22 + 2
. % 4 212



2x 2?2 + 2zy
r+y (r+4y)?

2. 20 =2In(z+y)+

Y 2z 2
Foy = + 2
r+y (r+vy)
" —z°
2=
e
3. zp, = yly — 1)a¥™?
2, =2 +yayng
2y, = 7Y In® 2z
4. 2l = ——a:y3
‘ b 3
(x%2y? + a?)?
Z// — a2
Yy 2,2 2\3
(%Y + a?)>
/- _yx:}
vy 2. 2 . o2
(z%y® + a®)2

Bai 7.4 1. A~0,980
2. B —0,0002
3. C'~0,54

4. D=0,53

2 2
—ge T 7Y Ccosx
Bai 7.5 1. ¢, = — TYCOSTY = (y,)"!
ye T 7Y —xcosxy

,  cosxAdetrvo
2 Yo = 3siny + Hetr =5y’ 7y = ()

Bai 7.6 1. y;p‘(l;l) =—-1- ]_/6
2. el = —1/2; Yol = 1/2.

693+2y+3z +4 2€z+2y+3z +5

< rh_ - = /) - - =
Bai 7.7 1. 2z, = 3ot 1 G cy = 3er 243z 4 G
9. 2 =2y =2
x x’ Yy

Bai 7.8 1. Z;‘(l;l;g) = —3/2, Zé|(1;1;_2) = 3/2



2. 2|y = —1/2; 2| 0—1;1) = 1/2
Bai 7.9
1. z,q =9, dat tai (2;—2).
2.z = —9/8, dat tai cdc diem (—1/2;—1), (1/2; =1); (—=1/2;1); (1/2;1).
3. Khong c6 cuc tri
4. z4 = 30, dat tai (2;5).

Bai 7.10 1. Cuc dai ¢6 dieu kién dat tai (2;2); 2. = 2(2;2) = 4.; Cuc
tiéu c6 didu kien dat tai (—2;—2); 24 = 2(—2; —2) = —4.

2. Cuc ticu c6 diéu kien dat tai (1;1); 2z = 2(1;1) = —1.

3. Cyc dai c6 diéu kien dat tai (0;0); 2.q = 2(0;0) = 0.; Cuc tiéu c6 dicu
kién dat tai (1;1); 2z = 2(1;1) = —1.

4. Cuye dai c6 dieu kien dat tai (3;2); 2.g = 2(3;2) = 10.

5. Cuc dai c6 dieu kien dat tai (1;2); z.q = 2(1;2) = 6.; Cuc tiéu c6 diéu
kien dat tai (—1; —2); 2z = 2(—1; —2) = —4.

6. Cyc dai c6 dieu kien dat tai (1;1); zeq = 2(1;1) = 72,

7. Cuc dai c6 diéu kien dat tai (1; —1); 2.0 = 2(1; —1) = 72

8. Cuc tiéu c6 didu kien dat tai (1; —1); 2 = 2(1; 1) = 2.



Chuong 8

Phép tinh tich phan

BAI TAP
Bai 8.1 Tinh cac tich phan:
xdx
1. 6.
/ zt—1 i 1+ \/_
2. [ V3m+5dx 7. [2*V4 — 2?dx
x
14z —22 8. f X
3. fmdx Vi — a2
sin4x z—1dx
oot 9. ab
'f00522x+4x J x4+ 1 22
1+ \4/5 In(tan z)
5. 10. —d
fl"‘\/_ fsinxcosx v
Bai 8.2 Tinh cac tich phan:
cos® x dx
1. d 5.
J sin T g / 3
(1-a2)2
dx
2] sin® z
dx
6. | ———
3. [tan® xdx fxzvx2+4

4 f dx
W vy 7. f—xﬁ dx

xli



8. [ dx 0. fa:zx/él — x2dx
(22 4+ 4)vV4x2 + 1
0. [ 2+ 1 P
Tt 241 v
Bai 8.3 Tinh cac tich phan:
1. [zsin2zde 7. [sin Jzdx
2. fxarctan xdx . f arctan eda
3. [z cos® xdx C ) a2(22 4 1)
4. f(xQ + 1)e 2*dx arctana
. 9 f xe—dx
5. | arcs;nxdx (Lt a2)32
x
6. [ e 2" cos3xdx 10. [sin (Inz)dx
Bai 8.4 Tinh cac tich phan:
L zdr T
L[ 1 4 ind
0 +\/§ sm” x
6 f 1 dx
o costx
9 dx
2 V2o 9
,fl 1+V1+z O — dx
1 (T+a2°)?
0 1—¢* In3 2z
3. — g [ cldr
m3 L te e €% —1
In5 T _ ]
T 9. f eve dx
A f2 dx o e +3
’ 2
o 2t cosz V3

2
Verdr 10. [ _dz
>

Bai 8.5 Tinh cac tich phan sau:



1
1. [ze"dx
0

2
2. [xlog, xzdx
1

e%® cos 2xdx

©w

1

4. [ zarctanxzdx
1

™

4
5.
0

Z‘Slnx

cos3 x

6 “f7 x3dx
S0 Va2 + a2

1
7. [ (arcsinz)*dx
0.5

1

x2

8. dx

cos™ x cos nxdx

©
S0l

16
10. [arctan+/v/z — ldx
1

Bai 8.6 Xét syt hoi tu ctia cac tich phan suy rong

0
f zerdx
—00

o0
2. [ cosadx
0

S a4+ 20 +5

“+o0o
5. [ ze ™ dx
0

+ arctan x

6. —d
[
7 ¢ dx
Inz
1] 2
8. [ T
0

+oo
0. f de
T r+1
too dx
0. o
1 fl dx
01l —22 421 — 22
19 F dx
0 2—2)V1—x
L arcsin x
13. | ——dxz
[ =

2
14. | —
Of V4 —a?

1
15, | ——
of Vo — a2

6. 700 arctanazdx
0 (1422)2



400 1.2 1 +o0
17. f Tt dx 20. f e Vedy
o rt+1 0
b dx
+oo  dr 21 f
18 . — — )
I g : W{Z o)
e dx +oo dx
19. _ 22.
e{ zlnzIn(Inz) Of V(x4 2z + 1)
DAP SO
Bai 8.1
1
1. §1n(x2 +Vat—1)+C
V5 - V3a +5]
2. 2¢/3x +5+4++/5In
V5 +V3r+5
1
3. arcsine + ——+C
V1—22
1
4. —5ln n(cos®2x +4) + C
4 3 1
5. 4[@ Ve — r — 5ln In(1 + /) 4+ arctan /z| + C
6/5
6. G[Tx \/—_ + /x — arctan ¢z | + C
- 4-2)PVi-—a 4d-2)Vi-2 e
’ 5 3
8. 2arcsiny/z + C
2_1 1 .
9. O—x——arcsin—+0néux>1
T T
21 1 P
o« Y2 —arcsin— + C neuz < —1
x
1 2
10, I (tzanm) LC

Bai 8.2



sin x

+C

1. In|sinz| — sin®z +

2cotan®x  cotan® x

2. —cot — C
cotanx 3 5 +
tan*z  tan®z
. — —1
3 1 5 n|cosz|+C
1 1 V1— 22
4. = arccos——l——x +C
2 T 2
T
5 ——+C
V11— 22
Ja 2
6. _i_FC
4x
(9 — 22)%*V/9 — 22
7. — C
4515 +
g 1 ! oV 15+ 2v/4x2 + 1 Lo
) n
4/15  |2v15 —2v/422 + 1

9. %([BQ —2)V4 —x? + Qarcsing +C

2

1 _
10. — arctan i +C

V3 V3
Bai 8.3
1. Ysin2x — gCOSQSU-l-C

4

2+ 1

T
arctan z — 5 +C

171
3. Z—L[g(a:sin?)x—l—cos?)x) —|—3(xsin:c—|—cosx)] +C

202 +2x + 3
462:1:

r—1—2a?

X

+C

arcsin x

5. In +C

X




1
6. 1—36_29”(3 sin3x — 2cos 3x) + C

7. 3[(2—\?/?)008%—1-2{”/55111{”/5 +C

g 1 || arctanz  (arctan x)? LC
. In — —
it 2
-1 arctanx
o w=De +C
2V 1 + x2
10. % sin (Inz) + cos (lnx)] +C
Bai 8.4
5 _
1. 222 6 27 V2
3 3
1
4 " 45
3. In—
e 8. 1412
4
3v/3 9. 4—n7x
D. ln—e+ Lt 10 1112+\/g
1++/2 ' 3
Bai 8.5
L e2 o 1la*ya
BC 20
3 4
2.9 T _3n2
212 7. T 3m 424
er—2
3. 8. \/ﬁ—imHV§
5 V3 1442
™ T
4. ——1
2 9. on+1
™ 1 167
S0 —— 5 10. — —2v/3
4 2 3 V3
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Chuong 9

Phuong trinh vi phan

BAI TAP

Bai 9.1 Giai cac phuong trinh c6 bién phan li

1. ¢/ cosx = —
Iny
d d
0 0 U
V-2 V1-—2a?
3. y =sin(z —y) —sin(x +y)
4 + y? 3y+2
4. = Y
Va2 +4r+3  x+1
5y = cosy —siny — 1

~ cosx —sinx — 1
6. zydr + (x4 1)dy =0
7. 22%yy +y? =2

8. Vy?+ ldx = xydy

9. ¥*y*y + 1=y

Bai 9.2 Tim nghiém riéng ctia cac phuong trinh:

(e

y‘x:l = 3

X {(aj — 1)e!** tan yde — e**dy = 0
2

xlviii



y' + cos (z + 2y) = cos (z — 2y)
ylz:O =

il
4
dx dy

+
3. z(y—1) ylx+2)
y‘z:l = 1

=0

W~

cxy +y=y?lnz véi yl,— = 1.

Bai 9.3 Tim tich phan tdng quat:

2. xy’lng:w—l—ylng
x x

—xr—y+2

3.y =
Y r—y+4
4. (y* = 2zy)dx + 2*dy = 0

Y

5. 2y =y — xex
6. (z+4y)y =2x+3y—5

Bai 9.4 Giai cac phuong trinh:

2z
1.y =
Y 1+x29
2. Yy +y=dx

2

3.y +2xy =x.e”

4.y —ysinx =sinz cosx

Yy
1 — 22

5 4y + = arcsinx + @
6. v =2z(z* +y)
7. 2y — 2y = 22*

8. y'v1—22+4+y=arcsinz, Yoo =0



2

9. v — =zxlhz —
Yy ) Ylwee 26

rlnx
Bai 9.5 Giai phuong trinh
1y + v_ 22yt
x
2. ydz + (z + z%y)dy = 0, Youryy = 1
3.y +y=e"\/y, Yoo = 4

Bai 9.6 Giai cac phuong trinh

1. ¥ = 2sinzcos’z — sin’z
/
Y
2. y'==+zx
x

3.y =xe™, Yy, = 1,y"x:0 =2

)
4‘ y//_ x_l —$($—1>:07 ylz:2 :1’y|,z:2 :_1

5. (y") =y
6. yy" —y* =0
7.y =2yy
8 Y +1)+y =0
Bai 9.7 Giai cac phuong trinh
1.y =2y —y=0

3% cos x

2.y —9y=e
3. 4y" — 20y + 25y =0

4.y — 4y = —122% — 62 — 4
5. Y — 2y — 3y =¥

6. y" — by + 4y = 4x%e”

7.y —y=2sinx —4coszw



8.y —dy=¢e" [(—41: +4)cosz — (2x 4+ 6)sinx
9. y" 4+ y = cosx + cos 2z
10. y" —y = 2e%* — 2?
Phan phu luc
Bai 9.8 Viét cac s6 phiic sau duéi dang a + bi
L (2+i)(—1+4)(1+2i)?

2. (1+iV/3)?

1 -3

5 3—1

Bai 9.9 Dua cac sd phitic sau vé dang lugng giac

1.1 5. 14+iv3

2. —1 6. —1+iv3

3.1 7. —cos 30° 4 4 sin 30°
4. —i 8. 24+ V3 +i

Bai 9.10 Tinh

1. V2i 4. /=15 + 8i
2. V/—8i
3. V3— 4 5. /—i

Bai 9.11 Giai phuong trinh phiic, viét nghiem dudi dang a + bi(a,b € R)
L a2+z+1=0
2. 22— 2+ +7—-1=0
3. 2% — (3 2i)+5—5i=0

4. 822 —4\/2i2—1-2i=0



5. 2741022 +169=0

DAP SO
Bai 9.1
1
1. §1n y-lntan( —|—%)+C’

2. (1—=v1—=22)(1—+/1—-y?) =Cuxy

3. 2sinx+ln‘tang‘ =C

3
4. 2 In(y? +4) + arctan% =

Vaz+4dr+ 13 —In(z+2+ Va2 +4x +13) + C

5. tan% :C<tan%+1) (1—tang>

|
9. Y fytlmly—1=--+C
2 T

Bai 9.2
1. 2In|siny| = e D* —1
2. In|tany| = 4(1 — cosx)

. x+y+2lnzr—lny =2

1
—=Cz+lnz+1
)

Bai 9.3
1. 224+ 42 =Cy

2. Inx = %(111%—1) +C



3. 22+ 2zy —y? —da+8y=C
4 z(y—x)=Cy;y =0
5. y=—Inlncx

6. (y—x+5)°(x+2y—2)=C

Bai 9.4
_ 2 2
1. y=C(1+4z%) 3.y:e*x2(0+%)
20 y=Ce " +4x —14 4. y=Ce " —cosz + 1

1
5. y=+1— a2 §(arcsinx)2 —V1—-a224+C

6. y=Ce* — 22— 1
7. y=Cx2?+2*

8. y = e ¥SINT 4 aresing — 1

1
9. y =21
Y Qx nr

Bai 9.5
1

Y= —F—=
x33ln€
V x

2. NTQ: z =

1. ;y = 0.

1
———— ;2 =0;y =0 (giai = theo y
Sy 0) ( )

NR: 2 = ———
y(2+1nly))

3. 3y =He 2 +e".

Bai 9.6

1 1 1 1
1. y= —Esin?)x— ésin2x— Esinx— Z$2+CII+O2

3

2. y201$2+02+%



B.y=(x+2)e*+3x—1
1 1
4. y:§x4—éx3—x2+2x+1
1 3
5. y=—(z+C1)° + Oy
12
6. Yy = 016029:
dy
7. x2=C
T —I—f 2+ D
8. y=Ci(zx—e ™)+ Oy
Bai 9.7
1. y = CyetV2e 4 Che(l-V2)z
3z —3x 3z 6 :
2. y=Cre" +Che ™" +e ﬁsmaz——cosx
3. Yy = (Cl + CQI')QQQSI
4y =2+ 327 + o + Cy 4 Coe™”
—x 3z 1 4z
5. y=Cie "+ Che +ge
6. y = Cre” + Coe'™ + (—32° — 3
7. —sinx + 2cosz + C1e* + Cye™™
8. e ®(xcosx +sinz) + C1e?® + Che
1
9. y= §xsinx — 50082:164—01 cosx + Cysin
10. y = Cre® + Che™ + we® + 22 + 2
Bai 9.8
1. 5—-15¢
2. —242/3i

Bai 9.9

o]l W
(SN

)



. cos§+isin—

. cos04+2sin0

. COST +¢sinT

m s
2

3= .. 37
. COS — +181n —

2 2

Bai 9.10

(1 44)

+(2 — 20)
+(2 — )

Bai 9.11

1.

2.
3.

1, VB
2 2

3—1;,—142¢
244131

bro ..
. COS — + 181N —

14
“I%

5T
6 6

- (1 + 4i)

V2(£1 +14)

2

V2,
2

L —2E312E %

o i03)
. COS — 7811 —
3 3

2T

12

;)

2r .
. 2<COS?+ZSIH—

: (\/_+\/_)(cos——|—zsml

12

)



Chuong 10

Phuong trinh sai phan

Bai

Bai

BAI TAP

10.1 Tim nghiém tong quat

. xz(n+1)—=3x(n)=0

2z(n+1)+z(n) =0

x(n+2)—3z(n+1)+2z(n) =0

3z(n+2)+2zx(n+1)—x(n)=0

—6zx(n+2)+12zx(n+1) —7x(n) =0
z(n+2)+2z(n+1)+4x(n) =0
z(n+2)+4z(n+1)+8x(n) =0

ai 10.2 Tim nghiém riéng thod man diéu kién ban dau
. x(n+1)—3x(n) =0 véi z(0) = —1
cx(n+2)—3zx(n+1)+2z(n) =0 véi 2(0) = 1;2(1) = —1

cx(n+3)+3x(n+2)+3z(n+ 1) + x(n) = 0 véi 2(0) =

2;x(—2) = -2
10.3 Giai phuong trinh bang phuong phap chon

lvi



z(n+1) —4z(n) = 3n>— 8n— 1
z(n+1) + 3z(n) = (=3)"3n
22(n + 1) — 2(n) = 27" 3(n + 1)
2¢(n+1) —z(n) =4"(n*>+n—1)

z(n+1) — 3x(n) = 5.2 cos ng
z(n+1) 4+ 5x(n) = 6n> — 4n + 12
z(n+1) =3z(n) +2"(4 —n)
2(n+1) = 20(n) + cosn? — 3sinn
z(n+1) — 6x(n) = 12.6" + 3.7"

ai 10.4 Giai bang phuong phap bién thien hing sd

z(n+1)=(n+1zn)+ (n+1)!
z(n+1) 4+ nz(n) =n!
z(n +1) — 9"x(n) = 37+

!

e(n+ 1)+ ga(n) = o
n n!

n 1) =)+ 55

z(n+1) —4"z(n) = n2-""""
z(n+1) —nz(n) =n!n(n + 1)

z(n+1) —e®z(n) = et In(n + 1)

ai 10.5 Giai phuong trinh (*)

. z(n+1) —bx(n) = 5"nn!

. x(n+1) —3z(n) = 3" (n+ 1)
x(n + 1) 4a:(n) 47+l gin (n+61)7r
x(n—i—l)—%ﬁ(n) m



2n+2

6. z(n+ 1) —4"z(n) = 27+ cos %T
7. z(n+1) — nz(n) = nln?
Bai 10.6 Tim nghiém thod man diéu kién ban dau

1. z(n+1) — 3z(n) = n3"* véi z(0) =5

2. z(n+1) — 3x(n) = 3" Sinn% véi 2(1) = 0

Bai 10.7 Giéi phuong trinh

6. z(n+2) —bz(n+ 1)+ 6x(n) = cos ng + 12sin ng
7. z(n+2) —2x(n+ 1) + 4x(n) = 14.3"
8. z(n+2)+z(n) = 6cosng — 4sinng
9. z(n+2) —3x(n+1) +2x(n) =2n+ 1+ 2"
Bai 10.8 Tim nghiém thod man diéu kién ban dau
1. z(n+2) —4z(n+ 1) 4+ 3z(n) = 85" véi x(0) = 4; (1) = 11
2. x(n+2) 4 9z(n) = cosnf véi x(0) = 3; (1) =8
Bai 10.9 Tinh tong:
1. S =124+224+32+ ... +n?
2.8, =12+4+23+34+ .. +n(n+1)

3. 853=13+35+...+(2n—1)(2n+1)



4. 5,=02+24+...+2n2(n+1)

5. S5 =sina + sin 2a + ... + sinna

6. Sg = 1231 +22.32 + 3233 + ...+ n23"
DAP SO

Bai 10.1 1. z(n) =C3"

2. z(n) = C(—3)"

3. z(n) = Cy 4+ 02"

4. z(n) = Cy(=1)" 4+ Cy37"

5. x(n) = Ci(—1)" + 2"(Cy cos "T + Cysin 2T)

6. z(n) = Cy + (v/10)*(Cycosng + Casinng); (cos¢ = 3/4/10,sin¢ =
1/v/10)

7. z(n) = Oy + (V7)"(Cycosng + Cysinne); (cos¢ = 5/2v/T;sing =
V3/2V/7)

8. 2(n) = 2°(C) cos % + Cysin %)

9. z(n) = 82(C} cosn®* + Cysinnr)
Bai 10.2 1. z(n) = —3"

2. z(n) =3 -2

3. z(n) = (14 9n/2 + 3n?/2)(—1)"

2
Bai 10.3 1. z(n) = C4" —n* +2n + 3

(=3)"(C +n/2 —n?/2)
3. z(n) = 27"(C' + 4n* + 4n)
4. z(n) = C2™" — 47"(2n? 4 6n + 6)

30 20
5. z(n) = C13" 4 2 (—1—3(:osn +1—381nn )

6. x(n) =C(=5)"+n*>—n+12/5



7. z(n) =C3"+2"(n —2)

n 7 m 1 3 s
8. x(n)=C2"+ 5 Cosng + - sinng
9. z(n) = C6"™ +2n6" + 3.7"

Bai 104 1. z(n) = (n+ C)n! (C := 2(0))

2. x(n) = (—1)"(n — 1)!(C — 1) khi n chén.
z(n) = (—1)"(n — 1)!C khi n 1&.

3. z(n) = (C +3"/2 — 1/2)3¥"+"

4. z(n) = C(=1)""(n — 1)131" khi n 18.
z(n) = (C — 1)(=1)""Y(n — 1)13'=" khi n chén.

5. x(n) =2""(n — 1)/(C +n)

6. z(n) =2""[C +n(n—1)/2]

7. #(n) = (n — DI[C + Innl]

8. x(n) = (C + Innl)e” "

Bai 10.5 1. z(n) =[C + (n! —1)/5]5"

2. z(n) =3"[C+n(n+1)(2n+1)/6]

3. z(n) = [C—l—f 5 cos B + 5 sin %7 ]
4. z(n) =5"[C + n+1)]
5. z(n) =2"[C — —(n+2)1(n+1)]

6. z(n) = 2" "[C + sin(nr/2) + cos(nm/2)]

n(n—1)(2n —1)

7. z(n) = (n— IC + 6 ]

Bai 10.7 1. 2(n)=Cy2"+ 3" +n +4



2. x(n) = C; + Co2" —n? —4n

3. z(n) =Cy + Cy2" + (2n — 9)3"

(n)
(n)
4. z(n) = C12" + nCy2" + 5"(n — 3)
5. x(n) = C12" + nCy2" + 2.5" + 2n?.2"

" n . 13 T 11 . =
6. z(n) = C12" 4+ C53 —|—1—Ocosn§—|—1—osmn§

7. z(n) = 2"(C} cos ng + Cy sin n%) +2.3"

8. z(n) = C} cos nl 4+ Cy sinnz) — 3ncosne + 2nsin ni)
2 2 2 2

9. z(n) = Cy + Cy2" —n? — 2n + 2n.2"

Bai 10.8 1. 2(n) = 3/2 + 3" /2 + 57
23 8
2. z(n) = 3"(§ cosny + 3 sinnf) + g cos ns

n(n+1)(2n+1)
6

Bai 10.9 1. Sy =

_n(n+1)(n+2)
2. Sy = 3

3.8 =(m+1)3/3—(n+1)?/2—-5(n+1)/6 -1

n(n+1)(4n + 5)
3

5. Sy = sin(na/2) sin((n + 1)a/2)/ sin(a/2)

4. Sy =

6. S5 = 3" (n? —n+1)/2 — 3/2
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